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Consider
dX(t) =b(t, X (¢t))dt + o(t, X (¢))dW (1),

where b € L] := LY(R; LP(R)) with p, ¢ > 1, £+ 2 < 1.
» Krylov-Rdckner (2005), existence and uniqueness of strong so-
lution when o(t,z) = Id.

» Zhang, X.C. (2005, 2011), considered the case of multiplicative

noise.

» Basic methods: Krylov's estimate and Zvonkin's tranform



e Wang, F.Y. (2017) Ann. Probab. used
to discuss the nonexplosion of SDEs with singular drifts and
its existence, uniqueness and regularity of

e Wang, F.Y. (2018) PTRF, extended this method to deal with
degenerate SDEs and path-dependent SDEs.

e The drift b(t, z) may not belong to IL] or satisfy any Lyapunov
type condition.

Example

N

{Zlog( 1n|2)} —z, zeR. (E1)



Fuler-Maruyama’s approximation

Numerical approximation plays important role in the application of
SDEs.

e Under global Lipschitz condition, Strong convergence of Euler-
Maruyama's (EM's) approximation, cf. Kloeden and Platen
(1992).

e Under one-sided Lipschitz condition, Strong convergence of
EM's approximation, cf. Higham, Mao, Stuart (2002).

Generally, the linear growth condition plays a crucial role, because

& Hutzenthaler, Jentzen, Kloeden (2011, 2013) showed that EM'’s
approximation may diverge to oo both in strong and weak sense
if the coefficients grow superlinearly.



Convergence of EM’s approximation

The convergence of EM's approximation has been investigated for
various criteria:

e Convergence of expectation of functionals of solutions of SDEs,
cf. Talay and Tubaro (1990)

¢ Convergence of distribution function, cf. Bally and Talay (1996)

e Convergence in Wasserstein distance, cf. e.g. Alfonsi et al.
(2014)



Convergence of EM’s approximation

e Yan (2002) Ann. Probab. possibly discontinuous coefficients
but satisfying linear growth condition;

e Kohatsu-Higa et al. (2012), bounded Hélder continuous drifts;

e Ngo and Taguchi (2018), Holder continuous drifts and satisfy-
ing the sub-linear growth condition.

In this talk, we shall study the weak convergence in the form

E[f(Xs5(t))] = E[f(X(¢))], asd— 0, Vbounded f,

and in the Wasserstein distance.



Two main issues

First, since singular b(t, z) may not be well-defined for every (¢, z) €
R, x R<, in order to define the EM's approximation for every initial
value, certain regularization is needed. For example, consider the
drift b(t, ) defined previous in (E1), we define

{Zlog <1+ n!2)};7 Ve :g—d(¢(x/5))7

where ¢ € C°(R%GR,) with [4(y)dy = 1.
be(t,z) = (Z(tv ) * 77[)5) (z) — .

Correspondingly, define dX.(t) = b.(t, Xc(¢))dt + dW (1).
& Estimate the difference between X (¢) and X ().



For the first problem, when b and b are in LY,

Zhang, X.C. (2016) Ann. Appl. Probab. has proved

IE[ sup ‘Xb(t)

0<t<T

- XP0)*] < clv - b,
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For the first problem, when b and b are in LY,

Zhang, X.C. (2016) Ann. Appl. Probab. has proved

IE[ sup ‘Xb(t)

0<t<T

- X'’ < oo bRy,

» This result is based on Zvonkin's transform, which cannot deal
with b given by (E1).

» This result cannot deal with degenerate SDEs.
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Second, define EM’s approximation

dX2(t) = be([t/8]6, X2([t/]8))dt + AW (1)

AA Estimate the difference between X_(t) and X?(t).
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Consider the SDE

dX(t) =

b(t, X (£))dt + odW (L),

(E2)

X(0) = z9 € R%,
where (W (t)) d-dim B.M., b: Ry x R? = R?, g € R4

(Hy) 3A>0st. A Hz|]? < |ox? < \z|?, Vo € RY
For V € C?(RY), define

d
po(dz) = e V@dz,  Z,

= — Z (a,-jajV)ei,
t,j=1
where {e;}¢; canonical orthonormal basis of R?, (a;;) = oo™
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Define a class of functions:

¥ = {V€C2(Rd)‘

pwo(RH=1, IK, > 0,

|Zo(z)— Zo(y)| < Kolz—y| Y,y € RY
v on RY:

The Wasserstein distance between two probability measures p and

W (1,v) = in | /R L )
X

where €' (11, v) the collection of all couplings of x and v.
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Theorem 1. Let (X(t)) be the solution to the following SDE:

dX (t) = b(t, X (£))dt + odW (t), X (0) = zo.

Assume (H,) holds. Let T > 0 be given. Assume 3 V' € ¥ such that Z,
Z(t,x) :=b(t,x) — Zo(x), Z(t,x) := b(t,x) — Zo(x) satisfy:

(H1) 3 a constant n > 2A\Td such that

sup uo<e”|z(t")‘2> < 00, sup uo<e”|2(t")‘2) < 0.
te[0,T] te[0,T]

Then, V & > d, 3 a constant C' = C (K, T, A\, &,n) such that

sup Wi (X)), 2Ry < of [

te[0,T] 0 (1— e—Kos)

where qo = po/(po — 1), po = /53 N 2.



Assume the drift b in (E2) is well-defined for every (¢, ), then the
EM's approximation of (E2) is defined by
dXs(t) = b(ts, X5(ts))dt + odW (2),

X5(0) = o,
where t5 = [t/d]d for § > 0.
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Theorem 2. Assume (H,) holds

. T > 0 be given
V € ¥ such that (t,z) — Z(t,x) := b(t, z)
Suppose

Assume 3
o(x) is continuous
(H2) 3 no > 0 and n > 4\T'd such that

7 2
Mo(enol 0| ) < OO,

sup fo

(enIZ(t,-)P) < 00,
t€[0,7T
Then,

lim E[f(X5(t))] = ELf(X(®))],
and

t€[0,T),Y f € By(RY)

lim W1 (Z(X5(1)),-2 (X (1)) =0, te€[0,T].

DA



Time homogeneous case

When b(t,z) = b(x) is time homogeneous, conditions (H1) and
(H2) can be replaced respectively by (H1') and (H2') below, and
the corresponding results are still valid.

(H1") 3 n > 0 such that
uo(emZ'Q) < oo and ,uo(emZ'Q) < 00.
(H2") 3 1 > 0 such that
,uo(e”‘ZOF) < oo and uo(e”‘Z‘Z) < 00.
In Theorem 1, now the estimate is:

S Wi(Z(X (1), Z(X (1)) < Cuo(1Z — 7).



Theorem 3. Suppose the conditions of Theorem 2 hold. In addition,

assume that 3 Kj, m; > 0, « € (0,1] and a polynomially bounded
function h : R* — R, such that

|Z(t,2)=Z(t,y)| < Ki(1+]a[™ +]y[™)|z—yl,t € [0,T), =,y € R?
|Z(t,.’17)—Z(S,$)| < h(x)|t - sla’
Then

t,s €[0,7T], z € RY

Wi (ZL(X5(t)), Z(X (1)) < 063"

t€0,7].
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Example

{Zlog( |x—n|2)}%_x’ x eR. (E1)

42
Take V(z) = 22/2 + log(v/27), then uo(dx) = e\/T:dx, Zo(z) =
—x, and

= {nizo:llog (1+]:L“1n|2>}é

140 (e"|Z|2> < 0.

Let X.(t) and X2(t) be determined previously. Then, for every
T>0&>1,

Wi (ZL(X (1)), Z(X(1))) < Cpo(|Z — Z:%)) %,
W(Z(X2(t), Z(X.(1))) < C57, t e [0,].

Then for any n > 0,
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Consider

dxM(t) = x@(1)a,

AX@(t) = b(t, XV (1), XD (8))dt + odW ().

b: Ry x R x R — R%  Assume b is well-defined everywhere
Consider its EM’s approximation:

ax{V() = xP(1)at,

ax () = b(ts, XV (ts), X7 (t5))dt + cdW (t),
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Main results: degenerate case

Theorem

Let T > 0 be given. Assume that (H,) holds and there exists
V € ¥ such that (t,x1,x2) — Z(t,x1,22) := b(t, 1, 22) — Zo(x2)

is continuous. In addition, assume that

(A2) there exist constants no > 0, n > 4\T'd such that

,uo(eT’O‘ZO‘Q) <oo and sup po( sup e”‘Z(t’rl")P) < 0.
te[0,T 1 €R4

Then,



Key point of the proof

Introduce a reference process
dY (t) = Zop(Y (t))dt + odW ().
Then, use (Y'(t)) to present a new representation of the studied
SDE and its EM’s approximation:
dY (t) = b(t, Y ())dt + o (AW (t) — o 'b(t, Y ())dt + o~ Zo(Y (t))dt)
= b(t, Y (1))dt + od T (1),
(E3)

Define a new probability measure

T T
Q= e[ [ 07 26y AW )~ [l (2 () Pas

if
Eexp [% /OT|0_1(Z(5,Y(5)))|2d3] < 0.



Similarly, rewrite
AY (£) = b(ts, Y (ts))dt + cdWa(t), (EA)

where

Wa(t) = W(t) + /O "o Zo(YV(5)) — b(ss, ¥ (ss)))ds, ¢ € [0,7].

Define a new probability measure
T
Qr=exp [~ [ (7 2V (5) = bs5. ¥ (s5)). AW (s)

T
— %/0 o™ (Zo(Y (5)) — b(367Y(36)))|2d8:| P,

T
Eexp [ /0 0™ (Zo(¥ (5)) — sz, ¥ (s0))Pds] < oo.

«O>» «Fr «=ZHr «E» = Q>



Let G :R? — R, be a measurable function. If there exists a

constant ) > 0 such that ug(e"%) < oo, then, for any 3,T > 0,

E[eﬂfoT G(Y(s»ds} < oo and E[eﬂfoT G<Y<s5)>ds] < 0.
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[Ee (X (1)) ~ B (X5(t))] = [Bq, F(Y (1)) ~ Equ (Y (1)]
- [e={rron(G - )}

d@1 dQ2
< | fllocEp P P

«4O0>» «Fr «=»r «E)» = Q>



Thank You !

EMAIL: shaojh@tju.edu.cn
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